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1D Linear Shape Functions
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1D Finite Element Library
one-dimensional finite elements library

• one-dimensional 2-noded element (D1CU2N)

• one-dimensional 3-noded element (D1CU3N)

• one-dimensional 4-noded element (D1CU4N)

• one-dimensional 5-noded element (D1CU5N)

• one-dimensional 6-noded element (D1CU6N)

• one-dimensional 7-noded element (D1CU7N)

• one-dimensional quadrature rule

• one-dimensional constant body force nodal distribution

Ali Javili one-dimensional finite elements library Bilkent University



1D Finite Element Library
one-dimensional 2-noded element (D1CU2N)

1 2

Nodes��
Node Number

Coordinate
⇠

1 -1
2 1

N1 = �
1

2
(⇠ � 1) , N2 =

1

2
(⇠ + 1)

N1
,⇠ = �

1

2
, N2

,⇠ =
1

2
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1D Finite Element Library
one-dimensional 3-noded element (D1CU3N)

1 32

Nodes Node Number
Coordinate

⇠

1 -1
2 0
3 1

N1 =
1

2
⇠ (⇠ � 1) , N2 = � (⇠ � 1) (⇠ + 1) , N3 =

1

2
⇠ (⇠ + 1)

N1
,⇠ =

1

2
(2⇠ � 1) , N2

,⇠ = �2⇠ , N1
,⇠ =

1

2
(2⇠ + 1)
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1D Finite Element Library
one-dimensional 4-noded element (D1CU4N)

1 42 3

Nodes Node Number
Coordinate

⇠

1 -1
2 -1/3
3 1/3
4 1

N1 = �
9

16
(⇠ + 1/3) (⇠ � 1/3) (⇠ � 1)

N2 =
27

16
(⇠ + 1) (⇠ � 1/3) (⇠ � 1)

N3 = �
27

16
(⇠ + 1) (⇠ + 1/3) (⇠ � 1)

N4 =
9

16
(⇠ + 1) (⇠ + 1/3) (⇠ � 1/3)
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1D Finite Element Library
one-dimensional 5-noded element (D1CU5N)

1 532 4

Nodes

Node Number
Coordinate

⇠
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3 0
4 1/2
5 1

N1 =
2

3
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8
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2

3
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Ali Javili one-dimensional finite elements library Bilkent University



1D Finite Element Library
one-dimensional 6-noded element (D1CU6N)

1 6532 4

Nodes

Node Number
Coordinate

⇠

1 -1
2 -3/5
3 -1/5
4 1/5
5 3/5
6 1

N1 = �
625
768 (⇠ + 3/5) (⇠ + 1/5) (⇠ � 1/5) (⇠ � 3/5) (⇠ � 1)

N2 = 3125
768 (⇠ + 1) (⇠ + 1/5) (⇠ � 1/5) (⇠ � 3/5) (⇠ � 1)

N3 = �
3125
384 (⇠ + 1) (⇠ + 3/5) (⇠ � 1/5) (⇠ � 3/5) (⇠ � 1)

N4 = 3125
384 (⇠ + 1) (⇠ + 3/5) (⇠ + 1/5) (⇠ � 3/5) (⇠ � 1)

N5 = �
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768 (⇠ + 1) (⇠ + 3/5) (⇠ + 1/5) (⇠ � 1/5) (⇠ � 1)
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1D Finite Element Library
one-dimensional 7-noded element (D1CU7N)

1 76532 4

Nodes

Node Number
Coordinate

⇠

1 -1
2 -2/3
3 -1/3
4 0
5 1/3
6 2/3
7 1

N1 = 81
80 (⇠ + 2/3) (⇠ + 1/3) ⇠ (⇠ � 1/3) (⇠ � 2/3) (⇠ � 1)

N2 = �
243
40 (⇠ + 1) (⇠ + 1/3) ⇠ (⇠ � 1/3) (⇠ � 2/3) (⇠ � 1)

N3 = 243
16 (⇠ + 1) (⇠ + 2/3) ⇠ (⇠ � 1/3) (⇠ � 2/3) (⇠ � 1)

N4 = �
81
4 (⇠ + 1) (⇠ + 2/3) (⇠ + 1/3) (⇠ � 1/3) (⇠ � 2/3) (⇠ � 1)

N5 = 243
16 (⇠ + 1) (⇠ + 2/3) (⇠ + 1/3) ⇠ (⇠ � 2/3) (⇠ � 1)

N6 = �
243
40 (⇠ + 1) (⇠ + 2/3) (⇠ + 1/3) ⇠ (⇠ � 1/3) (⇠ � 1)

N7 = 81
80 (⇠ + 1) (⇠ + 2/3) (⇠ + 1/3) ⇠ (⇠ � 1/3) (⇠ � 2/3)
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1D Finite Element Library
one-dimensional quadrature rule i

Z 1

�1
{•} d⇠ ⇡

NGauss PointsX

i=1

↵i {•}|Gauss Pointi

Gauss Point Number
Coordinate Weight Factor

⇠ ↵

1 0 2

Gauss Point Number
Coordinate Weight Factor

⇠ ↵

1 �1/
p
3 1

2 1/
p
3 1

Gauss Point Number
Coordinate Weight Factor

⇠ ↵

1 �
p
0.6 5/9

2 0 8/9
3

p
0.6 5/9
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1D Finite Element Library
one-dimensional quadrature rule ii

Gauss Point Number
Coordinate Weight Factor

⇠ ↵

1 -0.861 136 311 594 953 0.347 854 845 137 454
2 -0.339 981 043 584 856 0.652 145 154 862 546
3 0.339 981 043 584 856 0.652 145 154 862 546
4 0.861 136 311 594 953 0.347 854 845 137 454

Gauss Point Number
Coordinate Weight Factor

⇠ ↵

1 -0.906 179 845 938 664 0.236 926 885 056 189
2 -0.538 469 310 105 683 0.478 628 670 499 366
3 0.000 000 000 000 000 0.568 888 888 888 889
4 0.538 469 310 105 683 0.478 628 670 499 366
5 0.906 179 845 938 664 0.236 926 885 056 189

Gauss Point Number
Coordinate Weight Factor

⇠ ↵

1 -0.932 469 514 203 152 0.171 324 492 379 170
2 -0.661 209 386 466 265 0.360 761 573 048 139
3 -0.238 619 186 083 197 0.467 913 934 572 691
4 0.238 619 186 083 197 0.467 913 934 572 691
5 0.661 209 386 466 265 0.360 761 573 048 139
6 0.932 469 514 203 152 0.171 324 492 379 170
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1D Finite Element Library
one-dimensional quadrature rule iii

Gauss Point Number
Coordinate Weight Factor

⇠ ↵

1 -0.949 107 912 342 759 0.129 484 966 168 870
2 -0.741 531 185 599 394 0.279 705 391 489 277
3 -0.405 845 151 377 397 0.381 830 050 505 119
4 0.000 000 000 000 000 0.417 959 183 673 469
5 0.405 845 151 377 397 0.381 830 050 505 119
6 0.741 531 185 599 394 0.279 705 391 489 277
7 0.949 107 912 342 759 0.129 484 966 168 870

Ali Javili one-dimensional finite elements library Bilkent University
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1D Finite Element Library
one-dimensional constant body force nodal distribution

f i =

Z 1

�1
N id⇠

Z 1

�1
d⇠

Node number 1 2

Weight factor 1/2 1/2

Node number 1 2 3

Weight factor 1/6 4/6 1/6

Node number 1 2 3 4

Weight factor 1/8 3/8 3/8 1/8

Node number 1 2 3 4 5

Weight factor 7/90 32/90 12/90 32/90 7/90

Node number 1 2 3 4 5 6

Weight factor 19/288 25/96 25/144 25/144 25/96 19/288

Node number 1 2 3 4 5 6 7

Weight factor 41/840 18/70 9/280 68/210 9/280 18/70 41/840
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NATURAL SPACE is GENERAWY uniformly DISCRETIZED

Physicalspace is theresultofgeometry
THES IS NOT THECASE for

discretization
2 0 235 25 g

pPayscase SPACENECESSARILY uniform
CONST

WHY IS ITNOTEASY8 1 To It 9
g

L uniform is DESIRABLE A

I
TCB

2 2C 40 05
TooCONSTANT ORDER of fix 2 T

AND 9187 ARETHESAME I



Ali Javili Bilkent UniversityFinite Element Method

EXAMPLE 1252
2 x edge

N N't Bo
UNE

l I
ANALYTICAL SOLUTION I 2

5
N 1213 1

2ga3 1 x o
N z 1

so2 N3Nl NZ
QUAD

85.5 d i
1 2 3
N 123551
N e 3 1 3
N3 215 5 1



Ali Javili Bilkent UniversityFinite Element Method

EXAMPLE 1252
2 x edge

N NZ 00

UNE

l I
ANALYTICAL Scruton 085.5 y z

APPROXIMATEsolution GNEAR
N 12 3 1
N 12 5 1

so
2 2481 Nbd NIE N na NB

RunD

LCE13 2 120513115 I
0

1
Physics 1 2 3
space2 5 1.55 25 2118 n BEST

WAFFLE to da 1.5dg f e g N a 314 3

1 1 N 213 5 1



Ali Javili Bilkent UniversityFinite Element Method
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EXAMPLE 1252
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EXAMPLE Annuyaatemo 9,1 3315 191.25
Nl NZ ooo

y
P x2da APPROXIMATE UNGAR UNEA

1,9 Totals n i
1 2

x se 1.55 8.5 8 45 N 1213 1

III 55 3.513 455 2512 15dg
N ELE11

GAEL ABE gog
Gtf 1811ps

pay e 37.818 158.43
191 25W


